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1. INTRODUCTION

Riemannian geometry is a way to study curved spaces by generalizing the familiar Fuclidean ge-
ometry in R” to smooth manifolds, equipped by methods to measure lengths and angles. A natural
question is how curvature influences the behavior of geodesics, which are the locally length mini-

mizing paths on geometric objects.

This paper develops an explanation for curvature on Riemannian manifolds. After establishing the
necessary background on charts, atlases, and manifolds, the discussion turns to Riemannian metrics,
which allow one to measure lengths, angles, and distances on manifolds in a way that generalizes
FEuclidean geometry. From there we introduce the unique connection determined by the metric and

use it as the framework for defining geodesics and relating them to curvature.

With this framework in place, we define curvature via the Riemann curvature tensor and related no-
tions such as sectional curvature, and these concepts are then used to analyze how nearby geodesics
deviate from one another. Jacobi fields, which describe variations of geodesics, provide insight into
geometric phenomena such as the structure of spaces with negative curvature. The purpose of this
paper is to provide an accessible and rigorous overview of how curvature governs the local and

global behavior of geodesics on Riemannian manifolds.
1
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2. MANIFOLDS

2.1. Charts and Atlases (Jonathan). Throughout this section, we will assume that (M, 7) is
a topological space. Thus, M is a set and 7 is a collection of open subsets of M satisfying specific
properties. See Appendix A for a description of topological spaces.

We would like to study topological spaces (M, 7) that locally resemble R™. To make this precise,
we need to define charts.

Definition 2.1.1 (Charts). Let (M, T) be a topological space. A n-dimensional chart on M is an
ordered pair (U, @) such that

(1) U is an open subset of M,
(2) p(U) is an open subset of R™,
(3) ¢ :U — @(U) is a bijection.

FIGURE 1. Example chart (U, ¢)

Intuitively, for each point p on M, a chart consists of a neighborhood U C M around p with a map
w:U — oU) CR™

For every point p, p(p) = (x1,22,...,2,) gives the local coordinate representation for p in this
chart. A chart demonstrates what it means to locally resemble R™. Since ¢ is a bijection between
¢ and ¢(U), we can also define a map

o tipU)—>UCM.

Definition 2.1.2 (Compatible Charts). Let M be a set, and let (U,p) and (V,v) be two n-
dimensional charts on M. We call these two charts compatible if

(1) UNV =0 or
(2) the map Yot :UNV)—p(UNV) is a difftomorphism, that is, it is bijective and
both ) o o~ and its inverse ¢ o ™1 are differentiable.

If UNV = (), then the charts do not overlap, so there are no compatibility issues. If U NV # (),
then the map 1 o ¢! tells us how to switch between local coordinates on (U, ¢) and (V,). For
example, if

¢(p) = (z1,22,...,2n) and P(p) = (Y1,¥2:---,Yn),
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FIGURE 2. Compatible charts (U, ) and (V, )

where p € UNV, then 9 op~! describes how (z1,z2, ..., ,) is expressed in terms of (y1,¥2,...,Yn),
and ¢ o1 describes how (y1,%2, ..., ¥yn) is expressed in terms of (z1,22,...,Ty,).

Definition 2.1.3 (Smooth Atlas). Let M be a set. A smooth atlas A = {(Uy, ) : o € I} is a
collection of pairwise compatible charts such that

(1) Uper Ua =M,
(2) for any two charts (Uq, pa) and (Ug, pg), where a, € I, the map

a0 05" a(Ua NUp) = pa(Ua NUp)
is smooth (i.e. infinitely differentiable).

An atlas allows us to analyze charts over an entire topological space. In particular, it allows us to
use local coordinates everywhere on M.

Definition 2.1.4 (Maximal Atlas). We call a smooth atlas A on M maximal if it contains every
chart on M that is compatible with all charts in A.

The notion of maximality can be used to describe differentiability for functions f: M — R. If f is
differentiable, then we require f o ¢~!: U C R® — R to be differentiable for all charts (U, ) on a
maximal atlas A.

2.2. Smooth Manifolds (Jonathan). In this section we define manifolds and smooth manifolds.
Informally, a manifold is a space that can be covered by coordinate charts so that each region
resembles an open subset of R™. Requiring charts to be compatible gives a smooth manifold, in
which differentiation and other tools from calculus can be used in a coordinate-independent way.

Definition 2.2.1 (Manifolds). An n-dimensional manifold is a set M along with a maximal atlas
A ={(Uq, @a)} of n-dimensional charts such that:

(1) There is a countable collection of charts that cover M.
(2) For any distinct points p and g on M, there exists charts (Uq, pa) and (Ug, pg) on M such
that p € Uy, ¢ € Ug and U, NUg = 0.



4 ISABELLA LI, JONATHAN LIU, AND MILIND SHARMA

Condition (1) tells us that M can be covered by countably many charts. Condition (2), also known
as the Hausdorff property, tells us that any two distinct points p and ¢ can be separated by two
disjoint charts (U, ) and (V,1). We require the Hausdorff property in order to guarantee that
convergent sequences have unique limits, a requirement for key theorems on manifolds.

Definition 2.2.2 (Smooth Manifolds). An n-dimensional manifold M is smooth if for any two

charts (U, @) and (V,%) on M, the map Yoo~ : o(UNV) = p(UNV) is a C* diffeomorphism,

1

that is, it is bijective and both 1 o ™ and its inverse p o1~ are infinitely differentiable.

On a smooth manifold M, if two charts (U, ¢) and (V) are compatible and p € U NV, then p
has local coordinate representations

p(p) = (z1,22,...,2a) and P(p) = (Y1,¥2,- - Yn)-
related by the change of coordinates given by
(Y1, Y2, Yn) = (Yoo V) (z1, 20, ..., 2,)
and
(z1,22,...,2,) = (o™ (Y1, Y2, -, Yn).
Because these maps are infinitely differentiable, any properties that we describe on the chart (U, ¢)

holds on the chart (V). In other words, properties on M are independent of chart, which means
we can choose any local coordinate system when working on M.

2.3. Smooth Maps and Smooth Functions (Isabella). In this subsection we formalize what
it means for a function or map on a manifold to be smooth, using the atlas introduced earlier.

Definition 2.3.1 (Smooth function on a manifold). Let M be a smooth manifold and k € N. A
function f : M — RF is called smooth if, for every chart (U, p) on M, the coordinate representation

fopt:ipl)cCcR" - RF

18 a smooth map between open subsets of Fuclidean space.

We denote by C°°(M) the set of all smooth real-valued functions.

M

RTL

FIGURE 3. Diagram of fo ¢~
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Example 2.3.2. If M = R"™ is smooth, then a function f :R"™ — R is smooth in the sense above
if and only if it is a smooth function in the usual multivariable-calculus sense. More generally, if
U C R" is open and M = U, we recover the standard notion of a smooth map U — RF.

We now extend this notion of smoothness to maps between manifolds.

Definition 2.3.3 (Smooth map between manifolds). Let M and N be smooth manifolds. A map
F : M — N is called smooth if, for every point p € M, there exist charts (U, p) on M with p € U
and (V,4) on N with F(p) € V and F(U) C V such that the coordinate representation

YoFopt:plU)CR™—p(V)CR®

is a smooth map between open subsets of Fuclidean space.

F
M N

© (G
o(U) P(V)

\—/
R™ Q/JOFogo*l R™

FIGURE 4. Diagram of 1) o Fop~!

Example 2.3.4. Let S? be the unit sphere in R3. Consider the inclusion map i : S*> — R? defined
by i(p) = p for each point p € S?. In local coordinates on S? (for instance stereographic projection)
and standard coordinates on R>, the map i is given by smooth coordinate functions, so i is a smooth

map of manifolds.

Intuitively, these definitions say that a map between manifolds is smooth exactly when it looks
smooth in every compatible coordinate chart. In the next subsection we will use smooth curves
v : (—e,e) — M and smooth functions f € C>°(M) to define the notion of a tangent vector at a
point as a directional derivative.

2.4. Tangent Space and Vector Fields (Isabella). Recall from multivariable calculus that
given a point p € R™ and a direction vector v € R", the directional derivative of a function
f:R™ — R in the direction of v is defined as

Dyf(p) = lim flp+ h‘}fl) —flr)

This measures how f changes as we move from p in the direction of v. We will generalize this notion
to manifolds.

Definition 2.4.1 (Tangent vector). Let M be a smooth manifold and p € M. A tangent vector at
p 18 a map
v:C®(M)—R
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given by v(f) = %‘tzo f(y(t)) for some smooth curve v : (—e,e) — M with v(0) = p. We write
v = vy when we want to emphasize the underlying curve.

We can think of v, as the directional derivative of smooth functions in the direction of the curve
at p. It satisfies the Leibniz rule

vy (fg) = vy (f) 9(p) + f(p) v4(9),

so tangent vectors are derivations on C*°(M) at the point p.

Definition 2.4.2 (Tangent space). The tangent space at p € M, denoted T,M, is the set of all
tangent vectors at p.

In local coordinates, T, M looks exactly like R"™.

Proposition 2.4.3. Let (z1,...,xy,) be a local coordinate system on M near p, and let O; denote
the derivation 5 .
-
o.f = (fa ° )
Ti #(p)

Then Oh,...,0, form a basis of the tangent space T, M.

Example 2.4.4. For M = R? with standard coordinates (x,y), the tangent space at any point p is
naturally identified with R?, and the tangent vectors 0, and 0y form a basis of TPRQ.

81/
M),yo)

Or

FIGURE 5. 0, and 8y at p in R?

Example 2.4.5. On the sphere S? C R3, each point p has a tangent plane T,S* consisting of all
vectors in R® orthogonal to the radius vector at p, giving a different 2-dimensional tangent space at
each point.

We now smoothly assign a tangent vector—direction that a curve travels in—at every point of the
manifold.

FIGURE 6. Tangent space on S?



PRIMES EXPOSITORY PAPER 7

Definition 2.4.6 (Vector field). A (smooth) vector field on M is a map X that assigns to each
p € M a tangent vector X, € T,M such that, for every f € C*°(M), the function

p—>Xp(f)

1s smooth on M.

Equivalently, in local coordinates (z1,...,x,) near p the vector field X can be written as
X =a1(x) 0py + -+ + an(x) Oy,

where each coefficient function a; is smooth. The collection of all smooth vector fields on M is
denoted by X(M).

2.5. Flow generated by a vector field. (Isabella). An important result in differential geometry
is that for any vector field X on a manifold, we can construct a flow ¢': M — M generated by X
that satisfies for any p € M the following properties:

o (p) =pand
* 0i(¢'(p)) = X(¢'(p))-

To make the existence of such flows ¢! precise, it suffices to understand existence and uniqueness
for the corresponding ODE in local coordinates on R™. This relies on a fixed point argument, so
we briefly recall definitions needed to state the two related theorems.

Definition 2.5.1 (Contraction map). Let (X,d) be a metric space. A map T : X — X is called a
contraction (or contraction mapping) if there exists a constant q € [0,1) such that

d(T(x),T(y)) < qd(x,y),Vo,yeX.

Definition 2.5.2 (Fixed point iteration, also known as Picard iteration). Let (X,d) be a metric
space and let T : X — X be a mapping. Given an initial guess xg € X, the fixed point iteration
(also called Picard iteration) is the sequence defined by

Tpy1 =T(zy),n=0,1,2,...

If this sequence converges to some x* € X and T is continuous, then x* satisfies T'(z*) = z* and
1s called a fized point of T.

Example 2.5.3. Again, on X = R with the usual metric, the map T(x) = %:17 is a contraction with

constant q = L since

27
T(z) = T(y)| = lz —y| < qd(z,y).
Starting from any xo € R, the fized point (Picard) iteration x,+1 = T(x,) produces x, = 27",

which converges to the unique fized point x* = 0.

Definition 2.5.4 (Lipschitz continuity). Let (X,dx) and (Y,dy) be metric spaces and let f : X —
Y. The map f is called Lipschitz continuous if there exists a constant K > 0 such that

dy (f(z), f(y)) < Kdx(z,y)Va,y € X.
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Any such K is called a Lipschitz constant for f. If X, Y C R™ with the Euclidean metric, this
condition becomes

() = F)ll < Kllz —y||Ve,y € X.

Example 2.5.5. For Lipschitz continuity, on X =Y = R" with the Fuclidean norm, the map
f(x) = A(x) for a fired n x n matriz A is Lipschitz with constant K = ||A||, since

1 (@) = fW)ll = [[Alz = »)ll < [[A]l |z =y
In particular, for n =1 and f(x) = 3z, the function is Lipschitz with constant K = 3.

Now we present two theorems related to the uniqueness of a flow.

Theorem 2.5.6 (Banach Fixed Point). Let (X,d) be a non-empty complete metric space and
T: X — X a contraction mapping. Then T has a unique fized point in X.

Proof. First, we construct the Picard iteration. Fix any xg € X and define a sequence (z,) by
Tnt1 = T'(zp),n = 0,1,2,... so x, = T"(xp). Next, we estimate successive differences. By the
contraction property,
d(xpt1,2n) = d(Txp, Txn—1) < qd(Tpn, Tn-1)
for all n > 1. Iterating this inequality gives
d(xny1,Tn) < ¢"d(x1,20),Vn > 0.

We then show (z,,) is Cauchy. For integers m > n,

m—1 m—1 m—1
A(@my2n) < Y dlaprn, k) < ¢d(ar, o) = d(z1,20) Y .
k=n k=n k=n

The geometric sum satisfies
m—1 0 q"
k k _
Yyt
k=n k=n

SO
n

d(l’m, $n) < 1q

d(z1,x9).
q(l 0)

Since 0 < ¢ < 1, the right-hand side tends to 0 as n — oo, independently of m > n. Thus (z,) is
a Cauchy sequence. Because (X, d) is complete, there exists z* € X such that =, — z*,n — co.
Then, we prove z* is a fixed point. The map 7T is continuous (every contraction is Lipschitz with
constant ¢ < 1), so
T(x*) = T( lim wn) = lim T(z,) = lim x,41 = z™.
n—oo n—oo n—oo

Hence z* is a fixed point of T'. Finally, we prove the uniqueness of z*. Suppose y* € X is another
fixed point, so T'(y*) = y*. Then

d(z*,y*) = d(Tz*, Ty") < qd(z*,y").

Since 0 < ¢ < 1, subtracting ¢ d(z*,y*) from both sides gives (1 — q) d(z*,y*) < 0, so d(z*,y*) =0
and hence z* = y*. Therefore T has a unique fixed point in X. 0
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Theorem 2.5.7 (Picard-Lindelof). Let D C R x R™ be open and let f : D — R™ be continuous
and locally Lipschitz in y, i.e. there is L > 0 such that

£t y1) — f(t,92)ll < Lllyr — wal|

for all (t,y1), (t,y2) € D with the same first coordinate. Fix (tog,yo) € D. Then there exists « > 0 and
a unique functiony : In(tg) — R™ solving y'(t) = f(t,y(t)), y(to) = yo, where I, (ty) = [to—a, to+a.

Proof. Choose a > 0 and b > 0 with C,;, C D, where

Cap = La(to) x By(yo), La(to) = [to — a,to + al, By(yo) = {y : [ly — wol| < b}.

Since Cy is closed and bounded and f is continuous, the maximum M = sup{||f(t,y)| : (t,y) €
Cqp} is finite. Set a = min {a, %, ﬁ} , and keep I, = I,(tp) fixed from now on.

Consider the Banach space X = C(I,,R™) with the sup norm [[¢[lec = supse;, [|o(t)]| and the
closed ball
By(yo) = {y € X : [lp(t) = yoll < b,¥t € Lo}

Define the Picard operator I' : X — X by

(T)(t) = yo + tf(S,go(s))ds, tel,.

to
First, I' maps By(yo) into itself. If ¢ € By(yo) and t € I, then (s,¢(s)) € Cyp for all s € I, so
1/ (s,0(s))I| < M. Hence

t t
< | If(s;e(s))llds < | Mds=Mlt—to] < Ma <b,
to

to

f(s,¢(s)) ds

to

I(Te) () = woll =

which shows 'y € By(yo). Next, I' is a contraction on By(yp). For ¢1,p2 € By(yo) and t € I,

[Tp1)(t) = (Tepa) (@)

t
/ (F(5,01(5)) — £(5, 92(s))) ds

to

t
< / Llig(s) — oa(s)|| ds

to

< LIt — tollle1 — ¢2lloc-
Taking the supremum over t € I, gives

[Tp1 — Tpalleo < Lalor — v2||co-

By choosing o < 1/(2L), the constant ¢ = L« satisfies 0 < ¢ < 1, so I' is a contraction on
the complete metric space By(yo) C X. By the Banach fixed point theorem there exists a unique
¢ € By(yo) with T'p = . For this function,

t

p(t) = yo + t f(s,0(s)) ds,

so ¢ is differentiable and satisfies ¢'(t) = f(¢, o(t)) with ¢(tg) = yo by the fundamental theorem of
calculus. Uniqueness of the fixed point of I' implies uniqueness of the solution in C(I,,R™). This
completes the proof. O
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3. RIEMANNIAN GEOMETRY

3.1. Riemannian Metric (Isabella). In this subsection, we present important definitions and
results in Riemannian geometry that will be used to prove the theorem at the end of this paper.
On a smooth manifold M, we do not have a global ambient notion of length or angle the way we
do in R™. A Riemannian metric remedies this by assigning, to each point p € M, an inner product
gp on the tangent space T, M. Intuitively, g tells us how to measure the sizes of tangent vectors and
the angles between them, and it does so smoothly as we move from point to point. In this way, a

Riemannian metric endows an abstract manifold with geometric structure.

Definition 3.1.1 (Riemannian metric). A Riemannian metric g, : T,M x T,M — R is a bilinear

form that satisfies:

(1) gp(u,v) = gp(v, u);
(2) gp(u,u) >0 with equality only when u = 0;
(3) gp is smooth.

Property (1) means that the metric is symmetric, and g(u,u) > 0 for all nonzero u means that the
metric is positive definite. We now introduce a foundational example: the standard metric on R2.

Example 3.1.2. Consider the smooth manifold R? equipped with

()

This is called the standard Euclidean metric or dot product on R?. At each point p € R?, the metric
takes two tangent vectors v = (v1,v2) and w = (wy, we) and computes g, (v, w) = viw + vaws.

Definition 3.1.3 (Riemannian Manifold). A Riemannian manifold is a differentiable manifold M
equipped with a Riemannian metric g.

Example 3.1.4 (Hyperbolic Plane). Let H? = {(x,y) € R? : y > 0} denote the upper half plane
1

2

with the metric g = (36 > Then the hyperbolic plane (H, g) is a Riemannian manifold.

1
y?
One of the fundamental applications of a Riemannian metric is that it allows us to define the length
of a curve on the manifold. Given a smooth curve ~ : [a,b] — M, its length is given by

b b
L(V):/ \/gy(t)("v(t),"v(t))dtZ/ 15 ()l dt. (3.1)

3.2. Affine Connection (Jonathan). An affine connection allows us to compare tangent vectors
at different points on a manifold. It is the basic tool used later to define geodesics and curvature

related quantities.

Definition 3.2.1 (Affine Connection). Given a smooth manifold M, an affine connection is an
operator V : X(M) x X(M) — X(M) that satisfies the following properties for any function f €
C>°(M) and vector fields X,Y, and Z on M :
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(1) Vx(fY) = X(f)Y + fVxY
(2) VixizY = fVxY +VzY
(3) Vx(Y +2)=VxY +VxZ

We call V an affine connection or a covariant derivative. Property (1) tells us that V satisfies the
Leibniz rule in the upper slot. Property (2) tells us how V is C*° linear and additive in the lower
slot. Property (3) shows how the upper slot is additive.

Next, we will define a special type of affine connection unique to Riemannian Manifolds.

Definition 3.2.2 (Lie Bracket). Let M be a smooth manifold and let X andY be vector fields on
M. The Lie Bracket of X andY is the vector field [X,Y] as defined:

(X, Y]f = X(Y(f) - Y(X())
for all f € C=(M).

The Lie Bracket measures how two vector fields vector fields fail to commute. If X (Y (f)) =
Y (X(f)), then [X,Y] = 0. We can also write [X,Y] = XY - Y X.

Definition 3.2.3 (Levi-Civita connection). Given a Riemannian Manifold (M, g) and vector fields
X, Y, Z on M, the Levi-Civita connection satisfies the following additional properties:

(1) X(9(Y,2)) = g(VxY,Z) + g(Y,Vx Z),
(2) VxY —VyX = [X,Y].

Condition (1) tells us that V is compatible with the Riemannian metric g. In other words, the
derivative of the inner product ¢g(Y,Z) in the direction of X can be computed by summing the
inner products of ¢ in the directions of Y and Z separately.

Condition (2) tells us how the vector fields X and Y commute on the manifold. By 3.2.2, we
can write condition (2) as VxY — Vy X = [X,Y] = XY - Y X.

3.3. Christoffel Symbols (Jonathan). In local coordinates, we can express a connection in
terms of functions called Christoffel symbols. Specifically, they account for the changing coordinate

basis vectors as we move from point to point.

Definition 3.3.1 (Christoffel Symbols). Given a connection V, local coordinates x1, ..., xn, and
coordinate basis vector fields 01,0a,- - ,On, the Christoffel Symbols T are defined as

Vo,0; = ngak.
k=1

In our Christoffel symbols Ffj, the two lower indices ¢ and j indicate which pair of basis vectors fields
0; and 0; we are plugging into our connection, while the upper index k tells us which component
of the result (along J;) we are measuring.
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Lemma 3.3.2 (Symmetry of Christoffel symbols). Let V be the Levi-Civita connection on (M, g)
and let (x1,2,...,xy,) be a local coordinate chart with coordinate vector fields O; = %. Then, the

Christoffel symbols are symmetric on the lower indices:

k _ 1k

Proof. By property (2) in 3.2.3, for any vector fields X and Y,
VxY = VyX = [X,Y] = X(Y(f)) - Y(X(f))

for all f € C°°(M). For coordinate vector fields

0 0
X—aixl—al, Y—aim_827
o2 2
X.Y] = (01,05 = 2] /

a 3%281‘1 B axla:ﬂg'

Since f € C*°(M), mixed partials commute, so [X,Y] = VxY — Vy X = 0 for all 9;,92. Thus, if
[01,02] = 0, we can write
Vo,02 = V,01. (3.2)

By 3.3.1, we can rewrite both sides as

Vo, 02 = Zplf2aka and Vg,01 = ZF’&%
k=1

k=1
n n
> Tk =) T50k, (33)
k=1 k=1
n
Z(Flﬁ —T5,)0 = 0.
k=1
Thus T}, = T, for all k. O

It is important to note that the Christoffel symbols Ffj are coordinate dependent, so they change
with the local coordinates (x1, x2, . .., x,) of any chart. They are therefore not intrinsic to a manifold
M. Rather, they are the coefficients that represent the connection V in any particular chart.

Lemma 3.3.3 (Formula for Christoffel Symbols). If V is the Levi-Civita connection of a Riemann-
ian manifold (M, g), then the Christoffel symbols are given by

n

1
F% = Z (29M(3i94j + 0j9i0 — aegji)> ,
=1

where g*¢ is the inverse matriz element of guy.
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Proof. By property (1) in 3.2.3, we know that for any vector fields 9;, 0}, 0 and metric element g;;,
(95i) = 9(Vo,0;,0;) + 9(9;, V,0;)

= Z 9(T;00,05)+ > 9(0;,T1,00)
— — (3.4)

n
= Z T 96+ Y Thigie-
=1

By rearranging (i, j, k), the equality above gives

gk] Z sz: gje + Z FZ] gek (35)
gk‘l erz ke + erk gei- (36)
By adding equations 3.5 and 3.6 and subtractlng 3.4, we can write
n
Digrj + 0595k — Okgji =2 _T%; gri (3.7)
r=1

where we noted that by 3.3.2 Christoffel symbols are symmetric on the lower indices.

Switching our free variable from k to ¢, we obtain

2 Z L% gre = 0igej + 0590 — Ougji-

Fix an index m € {1,2...,n}. Multiplying both sides by % g™ and summing over £:
1 (1
> §9m£ 2 Z IVESS (29mé(3¢gw + 059i0 — aéﬂji))
=1 = =1

Looking at the LHS of the equation, g™ is the inverse matrix to g, so

n
> 9™ g =6
/=1
Hence the LHS becomes

n
Y Ther =
k=1

Switching our dummy variable from m to k, we get
" /1
FZ’ = Z <29M(3z'9zj' + 0j9i0 — 3@934')) .
=1
O

This shows how the Christoffel Symbols for any Levi-Civita connection are determined by metric
elements g;;. This leads us to the following lemma:



14 ISABELLA LI, JONATHAN LIU, AND MILIND SHARMA

Lemma 3.3.4 (Uniqueness of Levi-Civita connection). Every Riemannian manifold has a unique
Levi-Clivita connection.

Proof. In 3.3.3, we have shown how the Christoffel symbols for any Levi-Civita connection V are
completely determined by our metric elements g;;. Thus, if we have any two Levi-Civita connections
V1 and Vg, then their Christoffel symbols must be equivalent on every chart. Thus the Levi-Civita

connection is unique. O

Additionally, there exists an alternative proof without using 3.3.3. It comes from an alternative
definition of the Levi-Civita connection entirely.

Proof. Given a Riemannian Manifold (M, g) and vector fields X,Y, and Z on M, by metric com-
patibility, we can write

Xg(Y,Z) =9g(VxY,Z)+g(Y,VxZ) (3.8)
Yg(Z,X)=9g(VyZ,X)+ g(Z,VyX) (3.9)
Z9(X,Y) = g(V2X,Y) + g(X,VY) (3.10)

We can thus compute

XgY,Z)+Yg(Z,X)—-Zg(X,Y)=9g(Y,VxZ —-VzX)+9(X,VyZ -VzY)+g(VxY + Vy X, Z)
:g(Y, [X,Z])—{—g(X, [KZ])+9(Zv [Y,X])+29(Z,VXY).

- 29<Z7VXY) :Xg(Y7Z)+Yg(ZvX>_Zg(va)_g(K [X,Z])—g([KZ],.%')—I—g(Z, [YvX])

where V is the Levi-Civita connection and [-, -] denotes the Lie Bracket. This equation implies that
the Levi-Civita connection is unique because it determines g(Z,VxY) for all X, Y, Z. U

We now illustrate a computation of Christoffel symbols using a concrete example:

Example 3.3.5. We compute FZ- for the hyperbolic space defined by H and metric g where

|

Lo
H={(z,y) e R:y >0}, gz(% 1).

Y

We use coordinates (z1,x2) = (z,y) and

0 0
aixl—ax—al, 8—1‘2—874—82.

1
g - 0 1 )
y2

thus g'' = ¢?2 = y? and ¢'? = ¢*' = 0. Using 5.5.3, we obtain

1 1 1
F%Q = F%l = _Q’ F%l = ;’ ng = -

We start by calculating
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with the rest T'1,, T35, T35, T3, equal to 0.

3.4. Geodesics (Isabella). Geodesics are curves that generalize straight lines in the standard
Fuclidean plane to Riemannian manifolds. The Levi-Civita connection allows us to define geodesics.
From here on let V denote the Levi-Civita connection associated to the Riemannian metric g on
M.

Definition 3.4.1 (Geodesic). A smooth curve 7 : (a,b) — M s called a geodesic if its covariant

acceleration vanishes, in other words Vs = 0.

Lemma 3.4.2. If v is a geodesic, then its speed (¥(t),~(t)) is constant.

v (t)

Proof. We can see this directly using metric compatibility of the Levi—Civita connection:

d,. . . o .

(0, 90), = (Va9)(3,9) + 2(Va7, )
For the Levi-Civita connection we have Vg = 0, and for a geodesic V+7 = 0, so the right-hand
side vanishes and (¥(t),¥(t))4 is constant in ¢. O

Recalling that the length of a smooth curve v : [a,b] — M is given by Equation (3.1), we often
reparametrize geodesics so that they have unit speed, in which case « is parametrized by arc length.

Proposition 3.4.3 (Local minimizing property of geodesics). Let (M, g) be a Riemannian mani-
fold. Then for every point p € M there exists a neighborhood U of p such that if ¢ € U, the unique

geodesic segment from p to q realizes the minimal length among all smooth curves joining p and q.

In particular, if p, ¢ € M are sufficiently close, the geodesic segment between p and ¢ is the shortest
path with respect to the metric g.

3.5. Geodesics on the hyperbolic plane. Consider the upper half-plane model of the hyperbolic
plane,
H? = {(z,y) € R : y > 0},

yiz 0
g = o L ]°
y2

We compute the equations of geodesics in the Hyperbolic plane. The nonzero Christoffel symbols

equipped with the metric

with 1 =z, 2 = are
( ) y
I12_121__§7Ill_77122__7'

The geodesic equation in local coordinates is

i1 ik =0,0=1,2,
where y(t) = (z(t),y(t)) and &' = 2, % = .
For ¢ = 1, only the terms with I'}, and T'}; contribute, so we have

&+ T1a? + 2T pdy + Thot® = & 4 2T piy = & — ;xy =0.
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For ¢ = 2, we have I'}; and T'3,:
§+ T3d? + 2@y + Tog® = i + T1a” + oy = § + &362 - ;ZJQ = 0.
So a curve y(t) = (z(t),y(t)) in H? is a geodesic if and only if it satisfies the geodesic equation
B2 iy =0,
Y
1

. o 1.
j+—i*— =y =0.
Y Y

The solutions of this system that lie in H? are precisely vertical rays with an open end on the z—
axis and semicircles contained in H? that are perpendicular to the z-axis. Each such curve can be
parametrized with constant hyperbolic speed, so these are exactly the geodesics of the hyperbolic
plane in the upper half-plane model.

Vertical
Semi 1
Semi 2
o Geodesics in the Hyperbolic Plane (MATLAB)
1.5
> 1k
05F
0 y=0 1 1 q | 1 1 1 ]
-1 -0.5 0 0.5 1 1.5 2 2.5 3

FIGURE 7. Vertical and semicircle geodesics

4. CURVATURE

4.1. Riemann Curvature Tensor (Milind). Having discussed smooth manifolds as well as Rie-

mannian metrics, which prescribe a way to measure distances and angles on a smooth manifold, we
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are properly equipped to quantify a smooth manifold’s curvature. The single object that contains
all information about curvature is called the Riemann curvature tensor.

Definition 4.1.1. (Riemann Curvature Tensor). Let M be a smooth manifold with an affine con-
nection V. The Riemann curvature tensor R : X(M) x X(M) x X(M) — X(M) is defined for
X, Y, Z e X(M) by

R(X,Y)Z =VxVyZ - VyVxZ —VxyZ.

Remark. Sometimes we will refer to R(u,v)w where u,v,w € T,M are vectors for some p € M
(they are not wvector fields). This can be interpreted as follows: construct U,V,W € X(M) with
Up=u,V, =v,W, =w. Then R(u,v)w is the vector field R(U,V )W evaluated at p.

We now briefly present a property of the Riemann curvature tensor that illustrate its usefulness.
In fact, it is the sole reason it earns the name “tensor”.

Proposition 4.1.2. Let M be a smooth manifold with a connection V and Riemann curvature
tensor R. Then R(X,Y)Z is C*°(M)-linear in each argument.

Proof. First, we prove R(Y,X)Z = —R(X,Y)Z. Note
R(Y,X)Z =VyVxZ -VxVyZ -Vyx1Z=~(VxVyZ - VyVxZ) - V_xyZ,
and since V_[x y1Z = —V|x,y]Z, the above rearranges to
—(VxVyZ —VyVxZ - Vxy|Z) = -R(X,Y)Z.
Now, consider the proposition.

Having proven R(X,Y)Z = —R(Y, X)Z, to show that R is C°°(M)-linear in all three slots, it suffices
to show linearity in the first and third slots. For the first slot, it suffices to show R(V + fW,Y)Z =
R(V,Y)Z + fR(W,Y)Z for any VW € X(M) and f € C°°(M). This follows from a computation:
RV + fW,Y)Z = Vv jwVyZ — Vy Vs jwZ — Vv pwv 2
= (VvVyZ + fVwVyZ) = Vy(VvZ + fVwZ) = Vivysswy) 2
=R\V,Y)Z + fVwVyZ — fVyVwZ - Y(f)lVwZ = Vwyl-v(HwZ
=R(V,Y)Z+ fVwVyZ — fVyVwZ — fViwZ =Y (f)VwZ +Y(f)VwZ
=R(V.Y)Z+ fRW,Y)Z.
For linearity of the third slot, R(X,Y)(W+V) = R(X,Y)V+ R(X,Y)W is clear from the linearity
of the connection, so it remains to show R(X,Y)(fZ) = fR(X,Y)Z for f € C>(M). Indeed,
R(X,Y)(fZ)=VxVyfZ -VyVxfZ -V xy|fZ
=XY(f)Z+Y(f)VxZ+ X(f)VyZ+ fVxVyZ
- Y(X(f)Z - X(/)iVyZ -Y(f)VxZ - [VyVxZ
- XY (NZ+Y(X()Z - VixyZ
= fVxVyZ — fVyVxZ - fVixy)Z = fR(X,Y)Z,
as desired. O
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An important consequence of Proposition 4.1.2 is that to compute the Riemann curvature tensor R
on any three vector fields, it suffices to compute R(0;, 0;)0y, for all positive integers 7, j, k < dim(M),

and we take linear combinations of these values.

Another important note regarding practical applications of the Riemann curvature tensor applies
when (M, g) is a Riemannian manifold. Then, when we say “the” Riemann curvature tensor, we
refer to the Riemann curvature tensor in Definition 4.1.1 using the Levi-Civita connection as V.
This is because, as discussed previously, the Levi-Civita connection is the most natural connection

on a Riemann manifold in many ways.

We now present a few properties of the Riemann curvature tensor that help us algebraically ma-
nipulate it as well as compute its values.

Proposition 4.1.3. Let (M, g) be a Riemannian manifold with Riemann curvature tensor R. Then
if p € M, then for any x,y,u,v € T,M we have:

(1) R(z,y)u = —R(y, )u,
(2) (R(z,y)u ,v> —(R(z, y)v, u)g,
(3) (B(x,y)u,v)g = (R(y, 2)v,u)g.

Proof. Due to Proposition 4.1.2, it suffices to prove each of the statements only when x,y, u, v are
basis vectors (the general statements then follow by linearity). For the first statement, let 9;, 0;, Oy
be basis vectors and observe that

R(0;,0;)0k = Vo,Vo,0k — Vo, Vo,0r — Vg, 0,10k = Vo,Vo,0k — Vo, Vo, 0k,

from which it is clear that swapping ¢ and j negates the expression. Thus, R(0;, 0;)0r = —R(0;, 0;)0k,
proving statement 1. Observe that statement 3 follows from statements 1 and 2, so it suffices to
prove statement 2.

First, we prove the statement (R(X,Y)Z,Z), = 0 for vector fields X,Y,Z. Recall that metric
compatibility condition states that for vector fields Vi, Vs, V3

Vi(Va, Va)g = (Vi Vo, Va) g + (Va, Vi, V3),.

Consider the above equation with the three triples of vector fields (V1,Vs,V3) = (X,Vy Z, 2),
(Y,VxZ,Z), and ([X,Y], Z, Z). We obtain the following three equations.

X<VYZ7 Z>g = <VXVYZ7 Z>g + <VYZ7 VXZ>_QI
Y(VxZ, Z>g = (VyVxZ, Z>g +(VxZ, VyZ>g
(X, Y(Z,Z)g = 2V (x v, Z)y-
Subtracting the second equation from the first, and then subtracting half of the third equation
yields:
1
X(VyZ,Z)y —Y(VxZ,Z)4 — §[X, YNZ,2)y =(VxVyZ —VyVxZ =V xv|Z,Z)g,

= X(VWZ,2)—-Y(VxZ,Z)s— %[X, Y(Z,Z)g = (R(X,Y)Z,Z),.
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Using metric compatibility with (Vi,Va,V3) = (X, Z,Z) now gives X(Z,Z), = 2(VxZ,Z)g, so
(VxZ,Z)g = X(Z,7Z)4/2. Likewise, (Vy Z,Z), =Y (Z,Z)4/2. Substituting into the above display

yields

g<zv Z>g - g<zv Z>9 - [X’Y]

2 2
Xy vYX [XY]_ Xy YX XY-YXx
2

But the left hand side is simply the operator <~ — =5+ — =5~ = =5~ — 5~ —

to (Z,Z)4. This is 0. Hence, the right hand side (R(X,Y')Z, Z), is 0.

= 0 applied

To finally prove statement 2 of the proposition, consider the following for vector fields X, Y, Z, W:

0=(R(X,Y)(Z+W),Z+W),

=(R(X,Y)Z,Z)g + (RIX, Y)W, Z)g + (R(X,Y)Z, W)y + (R(X, Y)W, W),
= (R(X, Y)W, Z)y + (R(X,Y)Z, W),

where the second line follows from linearity of R. We now have (R(X,Y )W, Z)+(R(X,Y)Z, W), =
0, or equivalently (R(X,Y)W, Z), = —(R(X,Y)Z, W), as desired.

0

We now provide a couple of examples of the Riemann curvature tensor.

10
Example 4.1.4. Consider the smooth manifold R? equipped with its standard metric g = <0 1) .

We can compute from Lemma 5.5.3 that

2 ke
g
rh=> 5 (0igej + 9396 — Dugis) = 0
/=1
for all i,j,k € {1,2} since each metric component gi1, 912,921,922 1S constant and thus has zero
derivative. Since all of the Christoffel symbols are 0, we have Vy,0; = 0 for each pair i,j € {1,2}.

We now compute R(0;,0;)0k for any positive integers i,j,k € {1,2}. Since [0;,0;] = 0 here, we
have

R(0;,0;)0, = Vo, Vo,0k — Vo, Vo,0r = V0 — V5,0 =0.
Hence, R(X,Y, Z), being a linear combination of the values R(0;,0;)0k, is always 0. In other words,

R = 0 for this specific Riemannian manifold. As R? under its standard metric is known to be flat
(imagine it as, say, an infinite flat piece of paper), the curvature tensor being 0 here is promising

as to why this is a reasonable definition of curvature.

y2
0y

Example 3.3.5 we have the Christoffel symbols on this manifold. Now, from Definition 3.5.1, we

Example 4.1.5. Consider the hyperbolic space H? = {(z,y)|y > 0} with g = . From

-2

can write

0
v(9181 = favalaQ = vagal = _gavazaQ = -

Noting that the basis vector fields commute here, we have that the Lie bracket of basis vector fields
is 0. Thus, R(0;,0;)0) = Vo, V,00 —V; Vo, 0. Using the results in the above display, we can then



20 ISABELLA LI, JONATHAN LIU, AND MILIND SHARMA

carry out the dervatives to compute R(0;,0;)0k for every three i,j,k € {1,2}. This yields

% 0

R(1,02)01 = —, R(a,01)01 = — 2,
Y Yy
9 d

R(01,02)02 = _;;7R(a2781)82 = yf}

with the rest being 0. As we can see, the Riemann curvature tensor is nonzero on this manifold.

Yet, the curvature is still quite simple. In general, it could be even more complicated.

4.2. Sectional Curvature (Milind). The Riemann curvature tensor provides a complete picture
of a Riemannian manifold’s curvature. However, it can be unwieldy as it takes three vector inputs,
and furthermore it outputs a vector rather than a scalar. Thus, we introduce a notion of curvature
that is simpler. It will be a scalar that only depends on two vector inputs.

Definition 4.2.1. (Sectional Curvature). Let (M,g) be a Riemannian manifold with Riemann
curvature tensor R. If p € M and u,v € T, M are linearly independent, then the sectional curvature
K (u,v) is defined by

K(u,v) =

(B(u, v)v,u)g
2

<u7 u>g<v, U>g - <u7 U)g

Note that by creating this simpler definition of curvature, a price is paid of losing some information
about the original Riemann curvature tensor. In particular, while we can always compute the
sectional curvature from the Riemann curvature tensor, the converse is clearly not true. That being

said, the sectional curvature does have some convenient properties.

Lemma 4.2.2. Let (M,g) be a Riemannian manifold and let K denote the sectional curvature.
Suppose p € M and P is a two dimensional subspace of T,M. Then K(u,v) is the same for any
linearly independent u,v € P.

Proof. Let eq,ex be an orthonormal basis of P. In other words, (e1,e1)y = (e2,e2)g = 1 and
(e1,e2)y = 0. It suffices to show that K (u,v) = K(e1,ez) for any linearly independent u,v € P. We
can in fact compute

(R(e1,e2)ea, e1)g _ (R(e1,e2)en, e1)g
(e1,e1)g{ea, e2)g — (€1, €2)2 1-1-0?

Thus, it suffices to show K (u,v) = (R(e1, e2)ea, e1).

K(el,eg) = = <R(61,62)€2,€1>g.

Since P is the span of eq, eo, we can write
u = Aej + Bes
v =Ce; + Dey

for some scalars A, B, C, D. Note that the condition the u, v are linearly independent is equivalent
to A/C # B/D, or equivalently AD — BC' # 0.

Using linearity of the metric we can compute the following:

(u,u), = (Aey + Bea, Aer + Bea)y = A%(e1,e1), + B*(e2,e2)y + 2AB(eq, e2)y = A* + B?
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(v,v)g = (Cer + Dey,Cey + Deg)y = C2<el, e1)q + D2<€2, e2)g +2CD(e1, e2)g = C? + D?
(u,v)g = (Ae1 + Bea, Cey + Deg) g = AC(e1,e1)g+ BD(ea, e2) g+ (AD + BC)(e1,e2)y = AC + BD.
Hence,

(u,u)g(v,v)g—(u,v)2 = (A*+B?)(C*+D?)—(AC+BD)* = A’D*+B*C*~2ABCD = (AD—BC)?*.
We can also write
(R(u,v)v,u)g = (R(Ae1 + Bea,Ceq + Deg)(Ceq + Des), Aey + Bea),.

Recall that each slot of the Riemann tensor is linear and each slot of the metric is linear. Thus we
can write the above as a linear combination of the 16 values (R(e;, ej)ex, er)q for 4,7, k, 0 € {1,2}.
But note that if e; = e; then from Proposition 4.1.3, R(e;, e;)e, = —R(e;, €i)eg, so R(e;, e;)er = 0,
meaning (R(e;, ej)er, e¢)g = 0. Similarly, if ep = ey, then (R(e;, ej)ex, ex)g = —(R(€i, €j)ex, ex)q, SO
(R(es, ej)er, ex)g = 0 again. Hence, only 4 nonzero terms remain:
(R(u,v)v,u)g = ADCB(R(e1,ez)e1,e2)g + BCCB(R(eg,e1)er, e2)q
+ ADDA<R(€1, 62)62, €1>g + BCDA(R(GQ, 61)62, €1>g.

Note that (R(ei,e2)er,ea)y = (R(ez,e1)ea,e1)y = —(R(e1,ea)ea,e1)y and (R(ez, e1)er, e2)y =
(R(e1,e2)ea, e1)q, by Proposition 4.1.3. Thus,

<R(U, ’U)U, U>g = (—ADCB 4+ BCCB+ ADDA — BCDA) <R(61, 62)62, €1>g
= (R(u,v)v,u)y = (AD — BC)2<R(€1,62)€2,61>9.
We can now compute

(R(u,v)v,u)g _ (AD — BC)?(R(e1, ez)ea, e1)g
(u, u)g(v,v)g — (u,v)2 (AD — BC)?

as desired. OJ

K(u,v) =

= <R(6’1,6’2)€2,€1>g,

A special case of Lemma 4.2.2 occurs when (M, g) is a Riemannian manifold of dimension 2. Then
if p € M, we have that T,M is itself a two dimensional subspace of T},M. Taking P = T,M in
Lemma 4.2.2 then yields the following statement.

Corollary 4.2.3. If (M, g) is a Riemannian manifold of dimension 2, then at each point K (u,v)
is independent of u,v.

Example 4.2.4. Consider the hyperbolic space H? = {(z,y)ly > 0} with its usual metric g =

y? 0
0 _5 |, and let p be a point in H2.
Yy

This Riemannian manifold has dimension 2. Thus, by Corollary 4.2.3, K(u,v) is constant over all
linearly independent pairs u,v € T,H2. One possible pair (u,v) is indeed (01,02), so we can say
K(u,v) = K(81,02) for all u,v € T,H?. But we can now explicitly compute this:

(R(01,02)02,01)g
(01,01)4(02,02)g — (01,02)2

K(01,09) =
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From the metric components, we have (01,01)g = (92, 02), = y~2 and (O1,02), = 0. Also, from
Example 3.3.5, we have that R(01,02)01 = —y 201, meaning

(R(01,02)02,01)g = (—y~201,01) = —y (D1, 01) = —y2(y ).
Thus,
-y (y7?)
(y=2)(y—2) —0?
We conclude that at every point p, the sectional curvature of hyperbolic space is —1.

=—1.

K(01,02) =

Example 4.2.4 establishes hyperbolic space H? as a simple example of a space with negative sectional

curvature. This is an idea we will focus on in the next couple of sections.

4.3. Jacobi Fields (Milind). Now that we have discussed geodesics and curvature, we come to
an idea that connects these two concepts. That is the notion of a Jacobi field.

Definition 4.3.1. (Jacobi Field). Let (M, g) be a Riemannian manifold with Riemann curvature
tensor R. Suppose v : I — M be a geodesic for some open interval I. A function J that sends each
t € I to a tangent vector J(t) € TyyM s called a Jacobr field on v if the Jacobi equation

V5V J(t) + R(J(t),7(t)¥(t) = 0
holds for all t € I.

Jacobi fields clearly have a close relationship with the Riemann curvature tensor R seeing as R
appears in the Jacobi equation. Jacobi fields also have a few other interesting properties.

Proposition 4.3.2. The Jacobi equation is a second-order, linear ordinary differential equation.

Proof. Recall that V is a first-order linear differential operator, so V4V is a second-order linear
differential operator. Thus, V5V J(t) is an expression linear in J in terms of its second, first and
zeroth derivatives. Similarly, since R is a second-order linear differential operator, R(J(t),y(t))¥(t)
is linear in J and is a function of its second, first and zeroth derivatives.

Hence, the entire expression V3 Vs J(t)+R(J(t),5(t))¥(t) is linear in J and involves only its second,
first and zeroth derivatives. The Jacobi equation is an assertion setting this expression to 0, so it
is a second-order linear differential equation. It only involves one independent variable, ¢, so it is
ordinary too. g

One particularly important property of Jacobi fields relates it to geodesics in a fundamental way.
This is the next lemma.

Lemma 4.3.3. (Jacobi Fields in a Family of Geodesics). Let (M, g) be a Riemannian manifold
with Riemann curvature tensor R. Suppose I1 and Iy are open intervals, and to each s € I assign a
geodesic s : I1 — M. Further suppose that this family of geodesics is smooth in s. If Js(t) = Os7s(t),
then Js is a Jacobi field on s for each s € Is.
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Proof. We will abbreviate ~5(t) as v where appropriate. From the definition of a geodesic, we have
that Vg,,(0¢y) = 0. Now apply Vj,, to both sides to obtain

Vo4V (0ry) = 0.

But from the definition of the Riemann curvature tensor, we have

R(0s7y,0¢y)(0ry) = vas'yvat’y(at'y) - vat'yvas’y(at'Y) - V[as%@w} (0ry).

The first term of the right-hand side is 0 due to the geodesic equation. We also can compute the
Lie bracket in the third term. Observe that for any f € C°°(M)

057, 0 f = (0s7)((O) f) = (0e7)(Os7)f) = (9s7)(Ocf) = (0v)(9sf) = D50 f — 9105 f = 0.
Thus, V(,,0,7(0¢y) = 0 as well. We then have

R(aS’% ath)(at’Y) = _vat'Yvas’Y(at’Y)'

This is equivalent to the Jacobi equation with J = 0,7 if we show that Vs ,(0yy) = Vi,4(0s7)-
Thus, it remains to prove this fact.

Using Lemma 3.3.3 we can write the statement as, for each k

er 57)i(0Y) +Z 57505 (0Y )k er (067)i(057); + Y (067);05 (D57

J

— Z (9s7) &W Z(aﬂ) 9j (35’7)

J

= | D070 | O = [D_(0);0; | @i
J J
But the operator }_;(957);0; is precisely 05, and likewise >_.(01v);0; = ;. Hence, it suffices to
show 0s(0¢y)r = 0t(0s7y)k, which is clearly true as 05 and 9; commute.

0

4.4. Periodic Jacobi Fields and Negative Curvature (Milind). One particularly important
context to consider Jacobi fields in is the context of periodic geodesics.

Definition 4.4.1. (Periodic Geodesic). Let M be a smooth manifold and let v : I — M be a
geodesic for some open interval I. Then v is a periodic geodesic if there is a real T > 0 such that
v({t) =~y +T) for all t such thatt,t +T € I.

In essence, a periodic geodesic is one that loops back to where it began. Having defined periodic
geodesics, we can define what it means for a Jacobi field to be periodic.

Definition 4.4.2. (Periodic Jacobi Field). Let (M, g) be a Riemannian manifold and let~y : I — M
be a periodic geodesic on M for some open interval I. A Jacobi field J on ~v is called a periodic
Jacobi field if there is a real T > 0 such that J(t) = J(t+T) and (V4J)(t) = (Vs J)(t+T) for all
t witht,t+T € 1.
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In fact, in the special case of a periodic geodesic, we have an important theorem, which asserts that
a nonzero periodic Jacobi field cannot exist on a manifold of negative sectional curvature.

Theorem 4.4.3. (Periodic Jacobi Fields given Negative Sectional Curvature). Let (M,g) be a
Riemannian manifold with negative sectional curvature everywhere. If v is a periodic geodesic on

M and J is a periodic Jacobi field along 7y, then J = ¢ for some constant scalar c.

Proof. We will perform the following computation.

ViV3(J, J)g = V5 (2(Vsd, J)g) = 2(V5V5, J)g + 2(V5], V).
From the Jacobi equation, V4 Vs J = —R(J,%)7. Also so we can conclude

= (V4. V5d)g = K(J,4) (1, T)g (3 309 = (1:3)g) -

With K being negative for all inputs and (J,J)4(¥,%)g — (J, f'y)?i and (V4J,V5J), both being
nonnegative, we have that V5V (J, J), is always nonnegative. But note that f := (J, J), is a scalar,
so we equivalently have that f” is nonnegative. Also, since J(0) = J(T') and (V5J)(0) = (V4 J)(T),
we have that f(0) = f(T) and since f/(0) = f/(T') since f' = 2(J,V4J),.

0= /(T / 7(t)

But since f” > 0, this means f”(¢) = 0 for all ¢ € [0,7]. This means

(V4 d, Vi T g — K(J,4) (1, D)g{, 309 — (J,4)2) = 0.

However, we have

Since both terms on the left side are nonnegative as previously discussed, they must both in fact
be 0 for equality to hold. Hence,
(V4 J,Vs5J)y =0,
(s D) (32 g = (S A)g = 0.
The first equation implies V5J = 0. The second equation is the equality case of the inequality
(J, J)g(¥:7)g — (J, 1)3 > 0. This occurs when J and * are parallel. Hence, J(t) = ¢(t)7(t) for some

smooth function ¢. We now have
0=VsJ =V;(ch) = (§¢)¥ + cVsy = (0rc)?,

where we used the fact that V47 = 0 by Definition 3.4.1 and ¢ = J;c since c is a scalar. We now
have that 0;c = 0, so ¢ is constant, as desired. [l

Let us now interpret the result of the above theorem. Suppose 75(t) is a family of periodic geodesics
smooth in s on a Riemannian manifold (M, g) with negative sectional curvature everywhere. From
Lemma 4.3.3, 0575 on 7, is a Jacobi field, so from Theorem 4.4.3, 0svs = ¢¥s for some scalar
constant c. Intuitively, this means that the difference between two nearby geodesics in the family
is proportional to the t derivative of a geodesic. Since the ¢ derivative of a geodesic points along
the geodesic, this implies that two nearby geodesics are in fact the same aside from scaling. In
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summary, on a Riemannian manifold with negative sectional curvature, this suggests that there
cannot exist two geodesics in a family that are “too close” to each other.
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APPENDIX A. TOPOLOGICAL SPACES

Definition A.0.1 (Topological Space). A topology on a set M is defined as a collection T of open
subsets of U that satisfy the following properties:

(1) M and O belong to T,
(2) any union of sets in T belong to T,
(3) any finite intersection of sets in T belong to T,

where each member of T is an open set.

Definition A.0.2 (Topological Space). A topological space is a pair (M, 1) where M is a set and
T 15 a topology on M.

Definition A.0.3 (Open and Closed Sets). Let (M, 7) be a topological space. A set U C M is open
ifU€eT. AsetV C M isclosed if M \'V is open.

Definition A.0.4 (Metric space). A metric space is a pair (X, d) where X is a set andd : X x X —
[0,00) is a function, called a metric, such that for all x,y,z € X :

(1) d(xz,y) =0 if and only if x = y;
(2) d(x,y) = d(y, z);
(8) d(z,z) < d(x,y) + d(y, 2).

Definition A.0.5 (Cauchy sequence). Let (X,d) be a metric space. A sequence (x,)52; in X is
called a Cauchy sequence if for every € > 0 there exists N € N such that

d(Tm, xn) < e,Ym,n > N.

Definition A.0.6 (Complete metric space). A metric space (X,d) is called complete if every

Cauchy sequence in X converges to a limit that is also an element of X.

Example A.0.7. In X = R with the usual distance d(z,y) = |x — y|, the sequence

1
Tp =14+ —
n
is Cauchy, since |ty — x,| = |% — %| — 0 as m,n — co. It converges to 1, which still lies in R, so

R is a complete metric space.
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APPENDIX B. CODE

This is the code for generating geodesics on the hyperbolic plane, which was used to generate

diagram 3.5. We vary the ICs (Initial Conditions) to get different geodesics.

clear; close all; clc;

t0 = 0;
T = 5;
f =a@(t, s) |
s(3);
s(4); ...
(2 / s(2)) * s(3) * s(4);
—(1 / s(2)) = (s(3)72 — s(4)"2)
]
function [value, isterminal, direction] = stopWhenYZero(™, s)
value = s(2);
isterminal = 1;
direction = —1;
end
opts = odeset (' RelTol’ ;1e—9, AbsTol’,1e—12, Events’ ,QstopWhenYZero) ;

ICs = [ ...
0.1 cos(pi/2) sin(pi/2);
0.1 cos(pi/3) sin(pi/3);

.7 0.1 cos(.9%pi/2) sin(.9%pi/2)
I

figure (' Position’ ,[100 100 600 600]); hold on;

colors = lines(size (ICs,1));

for k = 1:size(ICs,1)
y-init = ICs(k,:).7;
[ts, ys] = oded5(f, [t0 T], y_-init, opts);
x =ys(:,1); vy =ys(:,2);
plot(x, y, ’'LineWidth’, 1.5, "Color’, colors(k,:));

end

yline (0, —k’, 'y=0’, ’'LabelHorizontalAlignment’,’ left ’);
xlabel ('x7); ylabel(’y’);
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title (’Geodesics in the Hyperbolic Plane (MATLAB)’);

grid on; axis equal;

legend ({ ' Vertical >, ’Semi 1’,’Semi 2’}, ’Location’, best’);
xlim([—1 3]); ylim ([0 2]);
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